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Theory is presented in selation to sedimentation equilibrium results obtained with polymerizing systems, which
permits evaluation of the activity of the monomer as a function of total weight concentration. In contrast to estab-
lished methads, the suggested procedure does not involve the solution of simultanecus equations which are sums of
exponentials or the determination of weight-average molecular weights. A major advantage of the method is that it
avoids errors inherent in differentiztion and integration steps. An extrapolation to infinite dilution is involved, but
this is to a defined limit and is uncomplicated by the existence of critical points in the selevant plot. The method
is capatie of detecting possible volume changes inherent on polymer formation, of treating systems where activity
coefficients of solute species are functions of total concentration and of describing the system in terms of relevant
equilibrium constants. These points and comparisons with existing methods of analysis are illustrated with numeri-
cal examples and with results obtained with lysozyme at pH 6.7. The lysozyme results ase interpretable in terms

of either a nan-ideal monomer-—dimer system or 2 monomer —~dimer—trimer system.

1. Infreduction

In 1952 Steiner [1] outlined a method by which
experimental results obiained with a polymerizing
system, in the form of weight-average molecular
weights as a function of total concentration, could
be analysed to give the weight fraction of monomer
at each total concentration. This procedure has been
used extensively in the analysis of sedimentation
equilibrivum results obtained with polymerizing pro-
tein and low molecular weight ligand systems and has
been extended to permit consideration of solutes
whaose activity coefficients are functions of total con-
ceatration [2--6]. It is noteworthy that the original
treatment of Steiner {1] was formulated in a context
where weight-average molecular weights had been ob-
tained from light-scattering studies. In order to ob-
tain similar data from sedimentation equilibrinm ex-
periments, a differentiation step is required [7,8] and
when it is recognized that the Steiner procedure in-
volves a numerical integration step, it becomes ap-
parent that its application to sedimentation equilib-

rium results is somewhat circuitous and introduces
error in both steps.

The aim of the present work is to present a proce-
dure for the direct analysis of sedimentation equilib-
rium distributions obiained with either Rayleigh in-
terference or absorption optics without recourse to
differentiation or integration. The advantages of the
method over established procedures are explored by
use of computer-simulated examples and results ob-
tained with the polymerizing lysozyme system.

2. Theory
Consider a solution containing monomer of molecu-
lar weight M; in equilibrium with a series of polymeric
species. The total weight concentration, €, is given by
2= Te= Ty, ®
i i

where ¢; is the weight concentration of species i of
molecular weight iM; and ; is the product of { equilib-
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rium constants on the same concentration scale =1,
monomer; ¥; = 1 for reason of nomenclature). In
general, the equilibrium constant (K;); ;. may be de-
fined as,

(Ki)j,k =C‘-/Cj‘—'k = ‘,’/‘l’l/j‘l’k; Frk=i, (2)
where it is assumed that the ratio of the activity coef-
ficients y,/y;y; equals unity [7]. For a successive
polymenzatxon ;=4 (K;)l 4—1 and thus for tetramer
formation. for example, ¥4 = (Kz); 3(K3), 2(K2),1 1
with (K ), o = 1: alternatively, ¥, =(K4)22(K2)1
where in general (K4)1,3 F(Ky)p,2- The latter formu-
lation is particularly useful when ¥ 3 iszero within
the limits of detectability, whereupon values of ¥/,
and {4 may be used to define the system operation-
ally in terms of (K); , and (K,); ; appropriate to
this case.

While eq. (1) requires for the elucidation of the
equilibrium constants governing a polymerizing
system that ¢; be found as a function of 7, it would
be even more desirable to find the thermodynamic
parameter a;, the activity of the monomer, as 2 fune-
tion of ¢, for then non-ideality effects could also be
considered. The Steiner procedure 1] does in fact
yield the apparent weight fraction of monomer at
various ¢ values; but it does not make full use of two
features of sedimentation equilibrium experiments
which are not shared by light-scattering experiments.
In sedimentation equilibrium studies a range of total
concentration is spanned in any given experiment and
there exists an exact relation between the activities
of a given species at the different total concentrations
encountered. Thus, the distribution at sedimentation
equilibrium of each species 7, in terms of its activity
a;, is given by [9],

afr) =agfrg)expigM; - r;%.), (3a)
¢ =(- Uip)w2/2RT, (3b)

where r and f; are any radial distances between or at

m @nd ry,, the meniscus and base of the cell, respec-
tively; w is the angular velocity, U; the partial specific
volume of species 7, p the solution density, R the gas
constant and T the temperature of the sedimentation
equilibrium experiment. Eq. (3a) may be written for
monomer in terms of its weight fraction, x{ () =
cy{r)f€ ), as follows,

yl(r)xl(r)f(")
=y e X Gp)ECR)expd M, (2 — ). @

It is therefore possible to define an experimentally
determinable dimensionless function, £2(r), as

c(’)ex[’(alﬁfl("p—" ) }'l(l‘p)xl("p)
Z0e) PAGIRG)

Q)= )

Provided M; and v; are known and any reference
radial distance, rg, is chosen to lie between or at r;,
and ry,, it is a simple matter to construct a plot of
Q(r) versus £ (r) from the experimental result ob-
tained with Rayleigh interference or absorption aptics
without recourse to differentiation.

Comment is now required on the extrapolation of
the plot of $&) versus €(r) to infinite dilution. First,
it follows from eq. (5) that,

I RGN O RN L O N OO
since as€ (r) ~ 0, ¥, (r) = 1 and x; (r) > 1. The latter
limit follows from application of I'Hépital’s rule,
C(lu)& 0 x, ()= hm dcl(r)/dc @ (6b)
where from eq. (l),

de,(/de () = { 1+ Z_}! WO O
+ Z% cfldwi(r)/dcl(r)} -, 60

In formulating eq. (6¢) it is noted that the ¥, will be a
function of r if volume changes accompany polymer
formation, but in any event dy;(r)/de{r) = 0. Secondly,
it follows from eq. {5) that,

ds2(r)/dc @)
=y, (rg)x Gp){1—dlnz, ¢)/dInE )z () @)

and therefore, that dQ(r)/dZ (r) = O only when 2, (7)
is a linear function of ¢ (7). This shows that a critical
point cannot exist in a plot of §(r) versus £ (r), since
from eq. (1) 2;(r) can only be a linear function of

¢ (r) when non-ideality and chemical interaction ef-
fects exactly compensate to mimic the behaviour of a
single ideal solute {(Q() = 1 for all values of € (r)). It
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will be shown later that the present analysis proce-
dure offers advantage in this respect over the Steiner
extrapolation [1] with certain systems. Thirdly, in
particular cases where ¢, () may be written as an ex-
plicit function of € (r), an analytical relationship be-
tween £(r) and € (r) may be formulated and used to
guide the extrapolation. Consider, for example, a
monomer—dimer system with y;(r) =y,(r) =1 and
¥, =(K3)y,; independent of r (no volume change on
reaction). It followrs fiom eqs. (1) and (5) that,

1 A+, EE)?-1

20 T 2Ey), 12 Ox, G (8a)
= [1-(Ky)y 1200+ 2K} 1220)
— 5K, 1830 £ - U, Gg) (8b)

where the converging alternating power series
(16(K2)%’152(r) < 1) may readily be extended if re-
quired. In the limit as ¢ (r) -+ 0, it is clear that eq.
(8b) is consistent with eq. (6a) for this thermodynam-
ically ideal case. Another example for which an analyt-
ical relation similar to eq. (8b) may be written is pro-
vided by systems undergoing an isodesmic indefinite
self-association {10, 11]. It is noted, however, that
even for cases where such an explicit relation cannot
readily be formulated, exirapolation of Q(r) values

to infinite dilution remains possible, a point which
will be illustrated later.

The basic point emerges from this treatment that
by application of eq. (62), 2 means has been provided
of finding @, () from a plot of £2(r): it is thus pos-
sible with the use of egs. (3) or (5) to evaluate 2, (r)
as a function of ¢ (7). In this connection, it is noted
that the value of €(r) used to compute 82(r) from
eq- (5) may be selected as any value in the observed
total concentration range: this lack of restriction per-
mits the construction of several (r) versus ¢ (r)
plots each of which may be uvssd to obtain estimates
of the activity of the monomer at every total concen-
tration. An averaging procedure is thereby suggested
to obtain an improved plot of &; (r) versus ¢ (). Thus
far, the analysis of a single sedimentation equilibrium
experiment has beer considered. However, the poten-
tial exists of conducting several experiments with

arying initial concentrations or angular velocities
and thereby of determining the activity of the mono-

mer over a wide total concentration range, which may
be important in distinguishing between different as-
sociation models. Consider a system uncomplicated

by volume changes [(AV); . = (F+R)M 0 ,—jM U,
—kMyv, = 0], on which two experiments have been
performed such that a portion of the total concentra-
tion ranges which they encompass in their equilibrium
distributions is common. Any value of ¢ (rg) is selected
common to both experiments: this necessarily arises

at different rp positions. Eq. (3) is applied to obtain
plots of () versus € (r) relevant to each experiment,
whereupon extrapolation yields y; (g Jx () for each
[eq. (6a)]. In this connection y | (/¢) is identical for
each experiment because € (g) is common and similacly
x 3 (rg) must also be the same since the weight frac-
tion of monomer is solely a function of the variable

¢ (r), the equilibrium constants being pressure inde-
pendent. It follows that plots of 2(r) versus ¢ (r)

must be coincident in their common total concentra-
tion range.

On the basis of the extrapolated value of this coin-
cident plot, the activity of the monomer at the refer-
ence concentration may be calculated [eq. (62)] and
hence values of 2 (7) are available for the entire con-
centration range encompassed by both experiments.
To aid the required extrapolation, it would be de-
sirable to include in the set of two experiments one
which was of the meniscus-depletion design so that
the lowest measurable & () was included in the analysis.
Consider now a third experiment which encompasses
a higher total concentration range part of which is
common to the range encountered in the first two ex-
periments. Since the activity of monomer is known
for each value of €(r) in the common range and hence
for each corresponding value of r in the third experi-
ment, application of eq. (3) yieids a; () as a function
of r and hence of the ¢ (r) encountered in the third
experiment. Evidenily, this procedure may be ex-
tended to cover any desired range of total concentra-
tion.

It remains to consider the analysis of plots of
ay(r) versus ¢ (r) for the following relevant cases:

(i) All y; = 1 and all (AV}); ¢, = 0. In this case cor-
responding values of ¢, (r) and € (r) are obtained
directly and the relation between them is given by
eq. (1). The coefficients ¥; in this polynomial are con-
stants and may be evaluated either by least-square re-
gression or by the method described by Steiner [1] in
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his treatment of equivalent data gained from the weight
fraction of monomer at various total concentrations.
The advantage of the present method then is the
avyoidance of differentiation and subsequent numeri-
cal integration in obtaining the weight fraction re-

sults rather than in their analysis to yield the ¥,.

Once values of ¥; have been obtained, application of
eq. (2) gives the values of (K;); ;. suitable for the de-
scription of the system.

(i) Al y; 7 1 and all (AV));z = 0. One simple ap-
proach to the analysis of a; (r) versus ¢ (r) results ob-
tained with systems of this kind involves assuming
that Iny(r) = iBME(r) [4,7], the first term of a
power series. This assumption is consistent with the
previously stipulated requirement that y;(r)/y(ryz ()
= | and introduces the additional specification that all
activity coefficients may be described in terms of a
single non-ideality coefficient, 8, which is taken to be
conceniration independent. Since ¢ (r) =
a(r)/expBryc(r), the available results may be ana-
lysed as before employing eq. (1) for an assigned
value of B, which may be successively refined on the
basis that this polynomial must be strictly obeyed. In
cases, however, where cl(r) may be written as an 2x-
plicit funection of £(r), an alternative procedure for
the evaluation of the parameters is possible. As be-
fore, an instance is provided by 2 monomer—dimer
system for which,

e () = {1 +4(Ky), o) ham 1M2(K ), ;0
B = 1n{a1(r){c1(r)}1/1‘115(r)_

Coinbination of eqgs. (9a) and (9b) when written for
two (a;(r), € (r)) points yiclds an expression in the
single unknown (K,) | which can be solved numeri-
cally: the value of B follows directly.

(iii) All (AV)); ;. ¥ 0. If volume changes are in-
volved in the formation of higher polymers, the \; in
eq. (1) become functions of r. This does not invalidate
the previously described method of determining the
plot of a,{r) versus Z () from a single sedimentation
equilibrium distribution, since in eq. (6¢) ¥, has been
considered to be a function of r. It is unlikely, however,
that experimental precision would permit the evalua-
tion from such data of several (AV}); ;. which are not
necessarily rclated [13]. However, the operation of
volume changes may in principle be detectad by con-
ducting two experiments employing different values
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Fig. 1. Computer-simulated sedimentation equilibrium results
obtained with a monomer—dimer system with initial loading
concentrations of 0.2363 g/dl €x) and 0.0991 g/dl (v): other
experimental parameters are cited in the text. The plot is

one of 1/22(r), defined by eq. (5), versus the total protein con-
centration, £(r). The solid line was computed from eq. (8b)
withx,(rp) = 0.962 and (KZ)I,I = (.44 d.l/g.

of « and/or total loading concentration such that a
portion of the total concentration ranges which they
encompass in their equilibrium distributions is com-
mon, as before. In cases where all (AV}); ;. =0, it has
been shown that plots of £2(r) versus ¢ (") based on a
common & (rg) are coincident in their common total
concentration range. In contrast, when the (AVp); »
0, a different value of x; () pertains to the separate
experiments even though the same ¢ (r) (and hence
¥Y1(¥r)) has'been selected. This arises as a consequence
of the different values of the ¢quilibrium constants
due to the different pressures at the different rg
points. Therefore, in these cases, the plots of Q)
versus ¢ (F) will intersect at the point (€(¢), Q)= 1),
but otherwise will not be coincident.

3. Numerical illusérations

In order to illustrate the application of egs. (5)
and (62), sedimentation equilibrium distributions were
simulated [14] for a thermodynamically ideal mono-
mer—dimer system with M; = 14400, (K,), ; =
0.44 dl/g and &; =7, = 0.726 ml/g, the values being
chosen to resemble those pertaining to the lysozyme
system at pH 6.7, jonic strength 0.17, 15°C [5,15].
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Two experiments were considered both with =
20000 rpm, T=15°C,p = 1 g/ml, ,;, = 6.9 cm and
rp, = 1.2 cm, the initial loading concentrations being
0.2363 g/dl and 0.0991 g/dl. The simulated distribu-
tions of ¢ (r) versus r both included the total concen-
tration of 0.0936 g/dl which was chosen as € (rg): it
occurred at rg values of 6.9 cm and 7.0608 cm in the
experiments conducted with the higher and lower
loading concentrations, respectively. Application of
eq. (5) yielded €2(r) values which are plotted in ye-
cipracal form versus corresponding ¢ (r) values in

fig. L. It is evident that the curves are coincident, a
result in accord with the specification that v =v,
(no volume change). A similar computation with the
same parameters except (A¥3), §, which was set as
—860 ml/mole of dimer (¥; =0.726 ml/g, 5, =
0.696 ml/g), confirmed that plots of $2(r) versus

€ (/) based on 2 common ¢ (rg) value intersected at
§(r) = 1, but were non-coincident: it is noted, how-
ever, that the maximum percentage difference in
Q(r) values recorded at a common ¢ () point was
only 1%, which would be difficult but not.impos-
sible to detect in practice. The second noteworthy
feature of fig. 1 is that extrapolation toc () > 01is
unambiguous and leads to a value of x, () of 0.962,
in agreement with the theoretical value calculated
from eq. (9a) with &(rg) = 0.0936 g/dl. This value of
xy (rg) together with the chosen (K3); | was used in
eq- (8b) to construct the theoretical solid line in

fig. 1. It is evident that eq. (8b) could have been used
to guide the extrapolation in an experimental context.
Moreover, the fit of the solid line to the points
shown suffices to illustrate the consistency of the
analysis procedure, which was also evident by the fit
of the derived plot ¢;(r) versus € (r) to eq. (1).

It would be unfortunate to create the impression
that the basic extrapolation is as direct as is shown in
fig. 1 for all systems. Fig. 2A illustrates this point in
relation to a thermodynamically ideal monomer—
dimer—trimer system with A = 14400,v; =0, =
v3=0.73 ml/g, (KZ)I.I =0.1 di/g, (K3)1,2 =10 di/g.
Although the curves from two different equilibrium
experiments condusted with different initial loading
concentrations ovetlap, extrapolation to the cosrect
value of x (rg) of 0.958 (¢ (1) = 0.1732 g/dl) is
primarily guided by the results obtained with the lower
loading concentration. It is instructive, however, to
compare this extrapolation with that required in the
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Fig. 2. Sedimentation equilibrium results computed for the
monomer—dimer—trimer system specified in the text. (A)
The results plotted in the form of the dimensionless function
2(r), eq. (5), versus the total protein concentration. The
sedimentation parameters selected were as follows: w =
20000 rpm, F=15°C,p=1g/ml, ry =69cm,rp=7.2cm
and initial loading concentrations of 0.4953 g/dl (X) and
0.12Q6 g/dl (0). The solid line is an attempt to average the
data and indicates the extrapolation to infinite dilution. (B)
1(r), a function of the weight-average molecular weight for
the same system, plotted in normalized form as -n(r)/(K2)y 1
versus the total protein concentration according to the basic
formulation suggested by Steiner [1]. For details sea text.

analysis of sedimentation equilibrium results relevant
to the same system by the Steiner procedure [1}. Ex-
perimentally, this requires evaluation of apparent
weight-average molecular weight values by differentt-
ating a plot of In¢ (r) versus r2: in practice efror is
introduced in this operation, but this is obviated in
the present numerical example by calculating Af; as
a function of € (r) directly. Steiner suggested that a
plot be constructed of n(r) = [(Ay/M)—11/E ()
versus € (1), since the area under this plot between
¢(r) =0 and €(*} gives In {x(r)} . The procedure,
therefore, requires extrapolation of experimentally
determined values of n(r) to € () —+ 0. Fig. 2B presents
aplot of —n(r)/(K;), | versus ¢ (r), the ordinate being
normalized by noting that application of I'Hopital’s
rule shows that limgg,, g 1(r) = —(K3)y,) - The inter-
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esting feature of fig. 2B is the appearance of a maxi-
mum, which renders hazardous the extrapolation re-
quired for this system since the value of (K); j is
unknown to the experimenter. More generally it may
be shown by application of Descarte’s rule that a cri-
tical point will exist in the plot for a monomer—dimer—
trimer system if 3(K;)y 1 < 2(K3)}y - This relation
follows from integrating the solution of dn(r)/dc(r)

=0 to obtain

M, ()= (M, —M), a0

where ef is the integration constant. Eq. (10) applies
to all systems and may be rewritten for particular
systems as a polynomial in c; (r). For the monomer—
dimer—trimer system under discussion, the poly-
nomial was examined by Descarte’s rule to define the
conditions for the existence of two positive and real
roots, one defining e® which is necessarily positive
and the other pertaining to the critical point. It fol-
lows that with certain systems (e.g. (K3)y 1 >
3(K3)1 ) the Steiner extrapolation offers littledif-
ficulty; but with others it is to be avoided. In this
connection, it is restressed that a plot of Q(r) versus
¢ (r) cannot exhibit a critical point for any system.
Another example of a type of system for which
extrapolation of this plot may prove difficult is one
in which the associatior. constants are sufficiently large
so that the weight-fraction of the monomer at the
reference position is small. In this instance and in con-
trast to the behaviour shown in fig. 24, the Q(r)
versus r plot would tend to a small numberasc () -+ 0
with steep slope. It is recognised that the analysis of
this type of system by established procedures is ex-
ceedingly difficult; but it may prove feasible by the
present direct method, provided experimental data of
the required precision are avajlable from a meniscus-
depletion experiment and ¢ (7) is selected as low as
is possible so that x (rg) approaches as close as is
possible its maximum value of unity.

4. Experimental

Salt-free lysozyme (hens’ egg white) was obtained
from Worthington Biochemical Corp. Solutions for
sedimentation equilibrium experiments were prepared
by dissolving an appropriate amount of the protein in
a buffer of pH 6.7, ionic strength 0.17 (0.005 M

sodium dihydrogen phosphate, 0.005 M disodium
hydrogen phosphate, 0.15 M sodium chloride) and
dialysing exhaustively at room temperature against
approximately 25 volumes of the buffer in washed
Visking 8/3Z cellophane tubing.

Sedimentation equilibrium experiments were per-
formed at 20 000 rpm 2nd 15°C with a Spinco mode!
E ultracentrifuge fitted with electronic speed control
and a Rayleigh interference optical system. The pro-
cedures for the conduct of the experiments, deter-
mination of initial loading concentrations (0.258 g/d!
and 0.1025 g/d! in the present instance), and the meas-
urement of the interferograms to obtain plots of € (r)
versus r at equilibrium have been described in detail
previously {15,16]. The partial specific volume and
monomeric molecular weight of lysozyme were taken
as 0.726 ml/g [17] and 14 400 [5,15], respectively.
Protein concentrations originally determined in Ray-
leigh interference fringes were converted to their
equivalent values in g/dl by measuring the optical
density at 280 nm of a solution whose concentration
ir. Rayleigh interference fringes was also measured in
a synthetic boundary cell. The use of an extinction
coefficient £}%, of 26.35 [18] led to the relation-
ship ¢ =0.0254 J where c is in g/d! and J in Rayleigh
interference fringes in a 12 mm path length ultracen-
trifuge cell.

5. Results

The two concentration distributions (¢ () versus r)
obtained in the sedimentation equilibrium experiments
were converted to the plots of () versus c(r) [eq- (5)]
shown in fig. 3A. The value of 0.15 g/dl, common to
both distributions, was chosen as £(rg), the correspond-
ing values of rg being 7.0975 cm and 6.9291 cm for the
experiments conducted with the lower and higher load-
ing concenirations, respectively. It is evident fiom
fig. 3A that the values of £2(r) derived from the two
separate experiments are coincident over their com-
mon concentration range, showing in accordance with
the results of previous studies [5, 15] that no detec-
table volume change accompanies tae polymerization
of lysozyme at pH 6.7. The extrapolation of (r) to
c(r) ~ 0 shown in fig. 3A yieclded a value of
Y1(rp)x1 (rg) of 0.9395 and hence of 0.1409 for 2, (rg).
This value was employed in eq. (3) to calculate 2; (r)
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Fig. 3. Experimental sedimentation equilibrium results ob-
tairted at 20000 rpm and 15°C with lysozyme in buffer of
pH 6.7, fonic strength 0.17. (A) The plot corresponding to
fig. 2A with initial loading concentrations of 0.258 g/dl (%)
and 0.1025 g/dl (o). In each experiment the coluria height
was 0.28 cm with ryy = 7.1468 em. The solid line indicates
the extrapolation to py (rE)x; (rp) = 0.9395, (B) The cor-
responding plot of ay () versus &), based on the extra-
polated infinite dilution value found fiom fig. 3A and on
eq. (3). (C) A comparison of the experimentally observed
points (£{r), r) shown as e, found in the experiment con-
ducted with an initiat loading concentration of 0.258 g/d1
with data simulated for the fellowing systems: A, 2
monomer—dimer system with (K3);,; = 0.44 difg and BAf,y
= ~0.02 dl/g; A, a monomer—dimer—trimer system with
(K3)1,1 = 0.46 dl/g, (K3)y 2 = 0.08 dlfgand BM, = 0.

as a function of r and hence of € (), results which are
shown in fig. 3B. The plot passes through the origin
indicating.that no refinement of the extrapolated

¥1 0 ) (Fp) value was required in this case.

The results shown in fig. 3B were analysed on the
basis of two madels. First, it was assumed following
previous findings that the system was non-ideal with
BM, = 0,02 dlfg {5,15], which permitééd trans-
formation of the ordinate values in fig. 3B to cotre-
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sponding values of ¢ (r) by division by exp (BM,€()).
Application of eq. (1) led to a least-square estimate of
Yy = (Kz)l,l = (.44 + 0.01 difg, a s-test showing that
terms in the polynomial of higher order than two were
not significant. These calculations show, therefore,
that the previous interpretation in terms of a non-ideal
monomer—dimer system is consistent with the experi-
mental results analysed by the present procedure.

This consistency is further emphasized in fig. 3C where
the experimental points are compared with those
found by computing the distribution with (K3); |

= 0.44 dl/g and BM| = —0.02 dl/g. The second model
which was consxdered involved setting BM{ =0, im-
plying that the ordinate values in fig. 3B are those of
¢1{#). In this case, fitting of eq. (1) gave least-square
estimates of /3 and Y3 corresponding to (K3), | =
046 £0.01 dllg and (K'3)y » = 0.08 £0.06 alfg’

feq. (2)]: application of the t-test showed that tetramers
and higher polymers were not present in significant
amounts. The values of € () versus r computersimu-
lated for this second model are shown in fig. 3C and it
is seen that they also satisfactorily describe the basic
experimental results.

6. Discussion

In relation to the particular lysozyme system which
has been re-examined in this study, comment need only
be made on the alternative interpretations, which both
describe the experimental results (fig. 3C). The con-
cept that a negative virial coefficient applies to mono-
mer and dimer has previously been questioned {19],
and indeed it is somewhat surprising in studies con-
ducted at relatively high jonic strength where molecu-
iar covolume contributions might be expected to
dominate the magnitudes of the virial coefficients [20].
It is, therefore, of interest that the results are also in
accord with 2 monomer—dimer—irimer system, es-
pecially as lysozyme is thought to polymerize via a
‘head-to-tail’ mechanism {19,21,22] and polymers
greater than the dimer are known to exist in appreci-
able amounts at more alkaline pH values closer to the
isoelectric point {23].

In a more general sense, it was the major purpose
of this work to present a method of obtaining #(r)
as 2 function of € (¢) from sedimentation equilibrium
results. It is relevant, therefore, to summarize the ad-
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vantages of the present proceduse over established
methods of analysis. Several workers [3,9,24] have
discussed a method for analysing sedimentation
equilibrium resulits involving solution of za set of linear
simultaneous equations describing € (r) at selected r
values. The procedure therefore also utilizes ¢ (r)
versus r results directly, but is difficult to apply when
complications due to non-ideality effects or volume
changes are encountered, rendering the equations
non-linear. Moreover, the method requires an initial
selection of a model specifying the species coexisting
in equilibrium and in this respect is at a disadvantage
to methods which lead to plois of x;(r) or 2; ()
versus € (r) without such a specification. The use of a
plot of 7(r), a function of apparent weight-average
molecular weights, versus ¢ (r) leads to such a formu-
lation in terms of the apparent weight fraction of
monomer [1,3,4]. However, it suffers from three dis-
advantages in comparison with the method described
in this work. First, a differentiation step is involved in
the evaluation of apparent weight-average molecular
weights and although several procedures have been
devised to minimize error, it would be preferable to
avoid this step completely. Secondly, the extrapolation
of 7(r) to ¢ (r) - 0 is not without hazard for certain
systems (fig. 2B). Thirdly, following the extrapola-
tion, it is required to perform a numerical integration
to obtain the final result, a step introducing further
error: an additional numerical integration is required
if apparent number-average molecular weights are to
be derived from sedimentation equilibrium results
and used in the estimation of activity coefficients
[4,25]. The significant feature of the present analysis
is that it leads directly to information on the activity
of the monomer as a function of total concentration,
and requires neither iniegration nor differentiation
steps but only extrapolation of a function (2(+)) to

a defined limit without complication due to the ex-
istence of critical points in the relevant plot.

It is hoped that the analysis procedure outlined
herein will assist in the elucidation of a diversity of
palymerizing systems in terms of the detection of
possible volume changes if these are sufficiently large,
the treatment of non-ideality effects and the estima-
tion of relevant equilibrium constants describing the
systems.
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